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1. INTRODUCTION 

The nonlinear gastric wave propagation in non-
homogenous media is a fundamental issue in a variety 
of scientific and engineering fields such as medical 
ultrasound imaging and therapy, seismic wave studies, 
under water acoustics, and nondestructive 
measurement. Compared to the linear regimes of 
acoustic propagation, nonlinear regimes produce 
phenomena that are complex including harmonic 
generation, steepening of waveforms, frequency-to-
frequency energy transfer, and the formation of 
shocks. These, again, get amplified in heterogeneous 

media where spatial changes in density, sound 
propagation speed, nonlinearity and attenuation cause 
scattering, impedance dis-matched and mode 
changing, and ensuring accurate prediction of acoustic 
fields becomes especially difficult. 

Traditional numerical methods of nonlinear acoustic 
modelling, including finite-difference time-domain 
(FDTD) and finite element models (FEM) as well as 
pseudospectral, are mature and can be used to 
perform high-fidelity simulations. Their computed cost 
however escalates exponentially with excitation 
frequency, size of the domain and strength of 
nonlinearity. Stability and precision criteria in 
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heterogeneous settings typically demand exceedingly 
small spatial and time scales on a discretization 
yielding undesirable memory consumption and 
vanishing complexity run time. These drawbacks 
substantially limit the practicability of classical solvers 
to large-scale simulations, as well as to real time or 
near real time acoustic analysis. 

Deep learning has become a potent technology in the 
recent years as a means of modelling complex 
nonlinear systems, learning high-dimensional input 
output relationships on data. Wavefield prediction and 
surrogate modelling have been studied using data-
driven models, finding that purely learning-based 
methods can experience poor physical interpretability, 
have next-configuration generalisation, and fail to 
generalise when extrapolating training conditions. The 
latter is especially vital in the case of nonlinear 
acoustic issues, where minor prediction inaccuracies 
can thrive and cause the physically unrealistic wave 
behaviour. 

In order to overcome such issues, this paper introduces 
a physics-inspired hybrid architecture of deep learning 
to model propagation of the acoustic waves in 
heterogeneous mediums (nonlinear) in an effective 
manner. The suggested algorithm uses nonlinear 
acoustic solver at a low order and a deep neural 
surrogate to augment the simulations with coarse 
resolutions with the effect of nonlinear and 
heterogeneity interactions, which have not been 
resolved. This research has three primary 
contributions: (i) the creation of the hybrid modelling 
framework across nonlinear acoustic physics with the 
surrogate enhancement method based on deep 
learning, (ii) the physics-guided learning approach 
being able to accurately capture the nonlinear and 
heterogeneous wave phenomena without necessarily 
using the full-scale numerical solvers, and (iii) the 
thorough comparison of the accuracy and efficiency 
trade-offs provided by the proposed method with the 
traditional computational methods. 
 

2. LITERATURE REVIEW 

The dynamics of nonlinear acoustic wave propagation 
in heterogeneous media has been of significant 
interest because it is used in the biomedical 
ultrasound, geophysics, underwater acoustics, and 
nondestructive evaluation. The nonlinear effects, e.g. 
the generation of harmonic component, steepening of 
the waveform, energy transfer between frequencies, 
and shock formation are generally studied using 
nonlinear acoustic wave equations, e.g. the 
Westervelt, Kuznetsov, and KZK equations. These 
models can be successfully applied with numerical 
solvers like finite-difference time-domain (FDTD), 
finite element methods (FEM) and pseudospectral 
methods, where only weakly heterogeneous or 
homogeneous situations are considered. In highly 
heterogeneous media, however, spatial gradients in 

material properties have a dramatic impact on the 
numerical stiffness and stability requirements, and 
excessive computational cost and poor scaling. 

The recent technical advancements in engineered 
acoustic media have shown greater control of the 
characteristics of the wave propagation. The 
metamaterials and acoustic metasurfaces have 
facilitated modulation of subwavelength wavefronts, 
anomalous reflection and beam steering and acoustic 
cloaking [1], [3], [6], [12]. The design strategies of 
optimization, such as optimization of topology under 
uncertainty, have also become beneficial to the 
acoustic performance of complex media [2], [5], [13]. 
Although these studies offer extremely useful 
information on wave manipulation and material 
design, their modelling paradigms are mainly linear or 
weakly nonlinear and developed not to predict the 
large scale nonlinear acoustic field in a heterogeneous 
natural media. 

Also, of interest are reduced-order modelings and 
numerical optimization methods of trying to minimise 
the computational load of an acoustic simulation. 
Broadband absorption and attenuation of waves have 
been enhanced in porous and periodic acoustic 
structures [7], [16]. Despite being efficient in design-
oriented goals, these methods can be considered to be 
computationally costly as well as cannot be effectively 
used in a fast forward simulation especially in the 
presence of a strong nonlinear propagation of energy 
together with a heterogeneous material interface. 

Most recently, machine learning-based and data-driven 
approaches have been considered to model complex 
physical systems. Operators Surrogate models and 
operator-learning techniques attempt to estimate the 
high-fidelity numerical solvers at a much lower cost of 
computation. Nonlinear regimes can however also be 
impossible to be all-data informed and physically 
consistent in terms of generalisation. The physics-
informed learning can partially do this but is faced 
with optimization problems in trying to solve the 
guarded nonlinear wave equations and high-
dimensional heterogeneous fields. 

Although other advances in numerical acoustics, 
metamaterial design and computational optimization 
have been made, there is still an obvious gap in the 
literature in developing effective, precise and 
physically consistent models on the nonlinear 
propagation of acoustic waves in heterogeneous 
media. The current methods are either prohibitively 
expensive to compute, or do not effectively represent 
nonlinear behaviour on non-linear spatial variations. 
This gap has been addressed by the current research 
which has incorporated deep learning and physics-
based nonlinear acoustic modelling that will allow 
effective and accurate prediction of nonlinear acoustic 
fields in heterogeneous environments. 
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3. METHODOLOGY 

3.1 Nonlinear Acoustic Physics Model 

The model of proposed computational framework is 
based on a generalised nonlinear acoustic wave model 
derived out of the Westervelt equation, extensively 
applied in the propagation of finite-amplitude acoustic 
waves. Instead of being a linear model of acoustics, 
like linear acoustic models, the model explicitly 
considers nonlinear effects due to high pressure 
amplitude, allowing the correct modeling of distortion 
of a waveform, harmonic generation, as well as the 
formation of shocks. In order to model realistically the 
propagation of a wave in a heterogeneous medium, 
profile variations of the parameters of the most 
important materials, that is, mass density, sound 
speed, acoustic nonlinearity coefficient, and 
attenuation, are introduced as a position-dependent 
quantity into the governing equation. 

With the addition of heterogeneity, further complexity 
is added to the acoustic model since due to the thus 
existing spatial variations in material properties, there 
is scattering, reflection, refraction, and an occurrence 
of the effect of impedance mismatch. These effects 
also play a major role in wave development, especially 
in media, including biological tissue or the stratified 
geologic formation, where strong changes in 
parameters happen frequently. The model places 
conveys nonlinear propagation and medium induced 
scattering mechanisms in one single nonlinear wave 

equation by directly embedding heterogeneity within 
the nonlinear wave equation. 

In order to obtain a tradeoff between physical 
accuracy and computational efficiency, a coarse-
resolution numeric solver is used to give an 
approximation of the acoustic field evolution. The 
solver uses significantly less time and space and time 
discretization than with high-fidelity simulations, and 
significantly reduces memory and computational 
expenditure. Although this crude discretization 
requires numerical dispersion, and prevents a precise 
resolution of high-frequency harmonics and sharp 
edges, it maintains the most important physiological 
trends that are determined by acoustic nonlinear 
equations. Thus, a physics-consistent, coarse solution 
gives an approximation of the acoustic field on the 
global scale of all the wave dynamics, but not all fine 
aspects. 

Such baseline solution becomes the input of the deep 
learning enhancement step where the nonlinear and 
heterogeneity-induced effects that are not resolved 
yet are restored with the aid of data-driven correction 
Figure 1. The proposed method allows to retain the 
physical interpretability and at the same time cheats 
efficient simulation of nonlinear acoustic waves 
propagation through heterogeneous media by removing 
global physics effects and introducing refinement to 
the scale. 

 

 
Fig. 1. Nonlinear Acoustic Wave Propagation in a Heterogeneous Medium 

 

3.2 Deep Learning–Based Surrogate Enhancement 

A deep learning-based surrogate enhancement module 
is presented in order to balance the fine-scale 
nonlinear and heterogeneity-induced features, which 
the coarse-resolution physics solver cannot address. 
The benefit of this surrogate is not to directly predict 
the acoustic field, but to acquire a corrective mapping 
to convert the coarse acoustic field into a high-

resolution representation. The design option maintains 
physical consistency and facilitates effective recovery 
of nonlinear behavior of waves. 

The surrogate model accepts in its inputs the time 
varying coarse field of pressure, as well as the spatial 
distributions of medium properties which include 
density, sound speed and nonlinearity coefficient, and 
attenuation. With these distributions of parameters 
clearly introduced, the network is made sensitive to 
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local changes in material properties and their effects 
on the propagation of waves. The network output is a 
smoothed-out pressure field that replenishes high-
frequency harmonic content, sharp wave fronts and 
local distortions at the heterogeneous boundaries as a 
result of nonlinear propagations and scattering at the 
heterogeneous interfaces. 

The neural architecture is developed to work on 
spatial-temporal data, and capture nonlinear 
interactions at different spatial scales. Multi-scale 
receptive field convolutional layers are used to learn 
both local and global wave patterns, and they allow 
the model to simultaneously capture both fine scale 
nonlinear features and longer scale propagation 
trends. In order to provide temporal dependencies, 

successive time frames are piled on top of each other, 
or alternatively, temporal convolutional (time-
dependent) structures are added to the network, 
enabling it to consider the cumulative influence of 
nonlinear evolution. 

Notably, the surrogate enhancement module does not 
substitute the underlying physics-based solver. Rather, 
it works like an augmenting layer that trains by 
learning to mitigate numerical dispersion, truncation 
errors, and nonlinear nonresolved effects caused by 
coarse discretization Figure 2. This hybrid formulation 
guarantees that the model is based on accepted 
physics of acoustics and uses deep learning to obtain 
accuracy akin to simulations that are of high fidelity at 
a much lower computational cost. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Deep Learning–Based Surrogate Enhancement Framework 

 

3.3 Physics-Guided Training Strategy 

Training of the surrogate enhancement network is 
through nonlinear acoustic high-fidelity reference data 
that is produced through the full-resolution 
simulations. These simulations are the results of the 
governing nonlinear equations of acoustics on small 
grids in space and time to give the proper results on 
distortion of waveforms, harmonic generation and 
formation of shocks within heterogeneous materials. 
The high-fidelity solutions are also used as a ground 
truth wherein the network predictions are compared in 
the training process. 

A physics-directed hybrid loss is used in order to 
implement both numerical accuracy and physical 
consistency. The initial aspect of the loss is a fidelity 
term of data that reduces the difference between the 
target pressure field and the reference solution that is 
high resolution. This is the term which makes the 
surrogate reasonably correctly reproduce the overall 
acoustic field evolution. The second element is a 
physics-based residual of the governed nonlinear 
acoustic equation, which is a penalty term to the 
differences between the underlying physical laws. This 

term minimises the risk of unphysical predictions 
especially where the material contrast or nonlinearity 
is very high; this is by explicitly constraining the 
network to the acoustic wave equation. 

The third part of the loss function is a spectral 
consistency that imposes a constraint on the 
frequency-domain representation of the predicted 
acoustic field. Nonlinear acoustic propagation is 
inextricably linked to harmonic generation and 
spectral energy transfer, so it is of great importance to 
retain harmonic amplitudes and spectral structure. 
This spectral name is needed to guarantee that the 
surrogate model is able to capture nonlinear frequency 
content as opposed to only matching time-domain 
waveforms. 

The loss formulation (combined) is a balancing of data 
motivated learning as well as constraints imposed by 
physics to drive optimization process to physically 
meaningful solutions as well as to better generalise to 
unknown heterogeneity configurations Figure 3. The 
framework is suitable in large-scale and near real-time 
prediction of nonlinear acoustic fields of large scale 
due to the surrogate model being able to improve 
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coarse-resolution analysis to high-fidelity acoustic 
fields with much less computation cost, and hence the 
surrogate model allows rapid inference. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3. Physics-Guided Training Workflow for Surrogate 
Enhancement Network 

 

4. RESULTS AND DISCUSSION 

4.1 Multimedia Performance in Heterogeneous Media 
settings 

The suggested framework was tested on a variety of 
heterogeneous media schemes, such as layered 
schemes with sharp impedance differences, media 
that may have randomly-dispersed inclusions and 
smoothly changing parameters gradients. In all 
configurations, the deep learning-assisted model was 
able to accurately recreate the nonlinear dynamics of 
acoustic waveforms of high-fidelity reference 
simulations. Specifically, the model was capable of 
capturing waveform steepening and locally steep 
effects of spatially confined distortions that are 
induced by a nonlinearity-heterogeneity combination. 
These findings suggest that the surrogate 

enhancement model is quite general and can be 
applied to varied patterns of heterogeneity and is not 
determined by certain structural assumptions 
concerning propagation medium. 
 

4.2 Precision of Nonlinear Waveform and Harmonic 
Forecast 

On a quantitative level, it can be seen that the 
estimated field of pressure has low relative error when 
comparing it with the full-resolution nonlinear 
simulations. It was found that the proposed approach 
exhibits a great capacity of maintaining higher-order 
harmonic costs or level as well as phase relations, 
which are extremely fundamental representatives of 
nonlinear acoustic interactions. However, the hybrid 
framework ensures the correct spectral content during 
propagation unlike the coarse-grid physics solvers that 
have a tendency to suppress or misrepresent higher-
frequency components as a result of numerical 
dispersion. This ascertains that the surrogate 
enhancement is effective at reconstructing nonlinear 
fine-scale features that otherwise get lost in a lower-
resolution numerical model. 
 

4.3 Stability and Robustness of Strongly Nonlinear 
Regimes 

The main benefit of the proposed algorithm is the 
numerical stability of the method in highly nonlinear 
regimes on which other coarse-resolution-based 
solvers tend to fail. Classical solvers are not resilient 
to oscillation and instability in regions with steep 
wavefronts as well as those with pressure gradients 
because they lack sufficient resolution. Conversely, 
the deep learning-based model gives non-spurious 
artefact-free and physically consistent predictions. 
This strength has been due to the physics-guided 
training scheme that only limits the surrogate model 
to meet the governing acoustic equations up to 
demanding propagation conditions. 
 

4.4 Computation efficiency and implications of 
practise 

Computationally, the hybrid framework explores 
significantly faster than full-resolution nonlinear 
acoustic simulation with a near real time inference on 
the modern GPU platform Figure 4. The simplicity of 
the fabrication of cheaper computations is obtained 
without loss in physical accuracy, indicating that the 
surrogate model is useful in correcting the 
shortcomings of reduced-order physics solver Table 1. 
The above gains in efficiency render the proposed 
approach especially appropriate when the rapid 
prediction of acoustic fields is necessary, e.g. in the 
case of real time ultrasound therapy planning, 
adaptive nondestructive evaluation, and large-scale 
parametric studies at complex heterogeneous settings. 
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Fig. 4.Performance comparison between the proposed framework and the coarse-resolution solver across accuracy, stability, and 

computational efficiency. 

Table 1. Summary of performance, accuracy, stability, and computational efficiency of the proposed deep learning–assisted 
framework across heterogeneous media configurations. 

Aspect Evaluated Evaluation Scenario Key Observation Interpretation 

Performance across 
heterogeneous media 

Layered media, random 
inclusions, smooth 
parameter gradients 

Accurate reproduction of 
nonlinear waveform evolution 
and localized distortion effects 

Demonstrates strong generalization across 
diverse heterogeneity patterns without 
reliance on specific medium structures 

Nonlinear waveform 
and harmonic 
accuracy 

Comparison with full-
resolution nonlinear 
simulations 

Low relative pressure-field error 
and accurate preservation of 
higher-order harmonics 

Confirms effective recovery of fine-scale 
nonlinear features lost in coarse-
resolution solvers 

Stability in strongly 
nonlinear regimes 

High-pressure gradients 
and sharp wavefront 
regions 

Stable predictions without 
numerical oscillations or 
artifacts 

Indicates robustness of the physics-guided 
surrogate under challenging nonlinear 
conditions 

Computational 
efficiency 

GPU-based inference vs 
full-resolution 
simulations 

Substantial speedup with near 
real-time prediction capability 

Validates suitability for time-critical and 
large-scale acoustic applications 

 

5. CONCLUSION 

This paper introduced a computational model with 
deep learning assistance of the effective and 
physically coherent modelling of the nonlinear 
acoustic wave propagation through heterogeneous 
media. The proposed algorithm is very efficient in 
terms of balancing performance of the computational 
efficiency and performance of the modeling accuracy, 
since it incorporates a reduced-order nonlinear 
acoustic solver and a physics-guided neural surrogate. 
The codes have shown that essential nonlinear 
acoustic processes such as the distortion of waveforms 
and harmonic generation are correctly maintained at a 
variety of heterogeneous configurations with large 
computational cost savings over complete-resolution 
numerical solvers. The framework shows a consistent 
performance in systems with traditional coarse-grid 
approaches that are characterised by numerical 
dispersion and instability, which is advantageous to 
surrogate enhancement through physics guidance. 
Despite the fact that the method uses high-fidelity 
training data and is still being problematic in extreme 
shock-dominated conditions, it is a viable and scalable 
nonlinear acoustic simulation method. The future 
effort will be aimed at applying the framework to 

three dimensional problems, making it more robust in 
highly nonlinear regimes and verifying the 
methodology by experimental acoustic measurements. 
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