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1. INTRODUCTION 

Acoustic metamaterials are a concept of artificially 
engineered structures that are meant to control the 
propagation of sound by means of a well-designed 
subwavelength circuitry. In comparison to traditional 
acoustic materials, metamaterials are able to display 
some extraordinary properties; these properties may 
include negative effective mass density, negative bulk 
modulus, acoustic bandgaps, as well as improved 
sound damping, promising more advanced 
functionality; they may also be used to reduce noise, 
dampen vibrations, cloak acoustically, as well as 
waveguide design [1]-[3]. Their unusual acoustic 
properties are due to complex geometries and 

powerful local resonance processes, and such of these 
become almost inaccessible to theoretical modeling, 
especially in cases of practical metamaterial designs. 
Consequently, numerical modeling has emerged to be 
an invaluable resource to predict the acoustic behavior 
and determine the design of metamaterials. The Finite 
Element Method (FEM) and the Boundary Element 
Method (BEM) are some of the most popular 
computational methods used in computational 
acoustics. FEM has great flexibility in dealing with 
complex interior geometries, heterogeneous materials 
as well as resonant structures, whereas BEM is 
particularly amenable to exterior acoustic radiation 
and scattering problems because of its additional 
fulfillment of radiation environments at infinity [4], 
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[5]. Although both FEM and BEM have their own merits, 
they have, nevertheless, certain limitations when used 
as standalone methods to solve acoustic metamaterial 
issues. Open acoustic domain simulation based on FEM 
methods necessitate artificial truncation by an 
absorbing or perfectly matched layer absorbing 
boundary conditions, both of which may raise 
computation cost and may also create approximation 
error, especially at higher frequencies [6]. On the 
other hand, BEM is highly efficient when dealing with 
unlimited acoustic domains, namely when it is 
computedally cheap and practically usable when 
dealing with systems with strongly inhomogeneous or 
intricate metamaterial interior systems [7]. These 
constrain the quite realism in metamaterial 
configurations of standalone numerical methods and 
their scalability. According to recent literature, the 
development of hybrid FEM/BEM coupling methods can 
address those issues adequately because they can 
effectively represent the advantages of both 
approaches to the problem, allowing proper modeling 
of bounded-unbounded acoustic interactions [8], [9]. 
Nevertheless, the current literature is mostly centered 
on the traditional acoustic radiation or scattering 
issues, and a closer examination of the FEMBEM 
coupling during the standard acoustic metamaterials, 
especially in regards to the quantitative analysis of 
acoustic pressure fields, transmission loss, and 
bandgap properties, has not been thoroughly explored. 

Based on such gaps, the current paper can be 
described as a thorough numerical study of the 
acoustic metamaterial with the help of advanced FEM 
and BEM, as well as a two-way on FEM-BEM. The 
describing contributions of the work are three-fold: (i) 
the systematic establishment of FEM and BEM to be 
applied in the study of acoustic metamaterials, (ii) the 
creation of the effective FEMBEM coupling strategy 
applicable to the acoustic interaction between 
bounded and unbounded electrostatics, and (iii) the 
quantitative assessment of the acoustic performance 
metrics, such as the distributions of pressure fields, 
transmission loss, and bandgaps. The suggested 
framework will be a credible computational basis of 
elastic next-generation acoustic metamaterials 
analysis and design. 
 

2. RELATED WORK 

Numerical modeling Numerical modeling has been of 
great importance in the study of acoustic wave 
propagation, as well as the design of acoustic 
metamaterials. Of these, the Finite Element Method 
(FEM) has received a lot of notoriety as it is quite 
flexible in its ability to deal with complex geometries, 
heterogeneous material distribution as well as locally 
resonant structures. FEM-based modeling has been 
able to model acoustic resonators, phononic crystals 
and metamaterials effectively predicting the pressure 
of a furniture, resonance behaviour as well as 

frequency bandgaps [1][2]. Nevertheless, based on 
open or semi-infinite acoustic fields, the FEM models 
are widely used with artificial truncation using 
absorbing boundary conditions or perfectly matched 
layers, which may increase computational efficiency 
and may also exhibit numerical errors, especially at 
higher frequencies [3]. This has led to a high usage of 
the Boundary Element Method (BEM) in exterior 
problems of acoustic radiation and scattering due to 
the low dimensionality of the method and natural 
fulfillment of radiation conditions at infinity. BEM has 
also been effectively used in sound radiation caused by 
vibrating bodies, spread of noise in open circuits and 
scattering of rigid and resilient barriers [4], [5]. 
Nevertheless, the above benefits enable the formation 
of compact system matrices with BEM formulations, 
which would be computationally intensive when used 
in large scale or highly inhomogeneous interior 
geometries, so moderate size systems with BEM 
formulations are only directly applicable to high-
complicated acoustic metamaterial structures [6]. In 
order to counter the personal weakness of both FEM 
and BEM, the hybrid FEM-BEM coupling methods have 
been proposed and developed. These methods 
integrate both FEM to model these limited interior 
waveguide regions and BEM to model the unlimited 
exterior acoustic fields so that wave/structure 
interaction problems can be accurately modeled [7], 
[8]. FEMBEM coupling has been effectively used to 
traditional acoustic radiation, scattering and 
fluidstructure interaction issues. The most available 
literature is however on standard acoustic 
configurations and complete numerical studies with 
particular emphasis on acoustic metamaterials with 
specific reference to quantitative analysis of 
transmission loss, bandgap properties, and 
computational efficiency are still scarce [9]-[11]. 

The current paper fills these gaps by giving an in-
depth numerical analysis of acoustic metamaterials 
based on advanced FEM, BEM and a coupled FEM 
combined with BE M model. In contrast with prior 
research, the article comparatively studies isolated 
and combined numerical methods in a systematic way 
and quantitatively provides information on the 
accuracy and efficiency of the methods to analyse 
metamaterials. 
 

3. METHODOLOGY 

3.1 Governing Acoustic Equations 

Propagation of acoustic waves in the metamaterial 
structures in question is thus modeled using the 
assumptions of linear, time independent, and lossless 
acoustics of a homogeneous fluid medium. A time-
harmonic dependence of the acoustic pressure field is 
assumed in the form p(x,t)=ℜ{p(x)ejwt}, where ω 
denotes the angular frequency. With these 
assumptions the governing equation simplifies and 
becomes the Helmholtz equation which is written as. 
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∇2𝑝 + 𝑘2𝑝 = 0_________________(1) 

where p(x) represents the complex acoustic pressure 
amplitude, k=ω/c is the acoustic wavenumber, and c 
denotes the speed of sound in the fluid medium. 
Boundary conditions are set depending on the physical 
set up of the problem. Rigid boundaries are 
represented by imposing zero normal velocity of the 
particles, imposing impedance boundary conditions 
where acoustic absorption is taken into account and 
continuity conditions are imposed at acoustic domain 
interfaces. The following equations are the governing 
equations on which both the finite element and 
boundary element formulations used in this study 
should be built. 
 

3.2 Finite Element Method Formulation 

Finite Element Method In this method, the limited 
acoustic field on which the metamaterial system is 
stand is modeled. Starting from the Helmholtz 
equation, a weak formulation is derived by multiplying 
the governing equation with an admissible test 
function and integrating over the computational 
domain Ω. Applying integration by parts yields the 
variational form 

∫
Ω
 ∇𝑞. ∇𝑝 − 𝑘2𝑞𝑝 𝑑Ω = ∫

Γ
𝑞
𝜕𝑝

𝜕𝑛
𝑑Γ______________(2) 

where q denotes the test function and Γ represents 
the boundary of the domain. The acoustic pressure 
field is a field of approximation in each of the finite 
elements, based on appropriate interpolation 
functions, creating a discrete system of linear 
equations of algebra. This FEM derived formulation 
results in sparse system matrices which allows its use 
to be computationally effective in modeling 
complicated interior geometry, material heterogeneity 
and local resonant effects in the acoustic 
metamaterial. The technique allows the fine 
resolutions of the pressure fields distribution of 
resonant cavities and subwavelength structures. 
 

3.3 Boundary Element Method Formulation 

In a way that is desirable to capture the unlimited 
exterior acoustic domain, the Boundary Element 
Method is used. The fundamental solution of the 
acoustic wave equation is used to formulate the 
boundary integral equation of the Helmholtz equation. 
At a point, x, on the boundary Γ, the pressure field is 
given as n. 

1

2
𝑝 𝑥 + ∫

Γ
𝑝 𝑦 

𝜕𝐺 𝑥, 𝑦 

𝜕𝑛
𝑑Γ

= ∫
Γ

∂p y 

𝜕𝑛
𝐺(𝑥, 𝑦)𝑑Γ__________(3) 

where G(x,y) is the free-space Green’s function and 
∂/∂n denotes differentiation along the outward normal 

direction. As compared to FEM, BEM only necessitates 
a discretization of the boundary which substantially 
reduces the dimension of the problem. Besides, the 
radiation condition at infinity is already met so BEM is 
especially useful in modelling propagation and 
scattering of acoustic waves in open regions. 
 

3.4 FEM–BEM Coupling Strategy 

The FEMBEM system is used to unite the merits of two 
numerical techniques of unbounded acoustic 
interactions to use it as a limited-bounded contact 
(e.g. quasi-electrostatic contact) system. Under this 
method, an interior metamaterial region is modeled by 
FEM, whereas the BEM is employed to model the 
acoustic surrounding unbounded domain. At the 
coupling interface, acoustic pressure continuity and 
normal particle velocity continuity are imposed, to 
make the transmission of waves across the coupling 
interface physically consistent. The resultant coupled 
system combines the sparse FEM matrices with the 
dense BEM matrices to enable the proper modeling of 
the radiating effects without artificial absorbing layers 
being used. In many applications, this hybridization 
allows a great enhancement of numerical accuracy and 
computational efficiency over single FEM or BEM 
formulations, especially of radiation-dominated 
problems with acoustic metamaterials. 
 

3.5 Simulation Setup 

Simulation numbers are carried out on a 
representative model unit cell of an acoustic meta 
material of local resonant cavities inside a rigid 
matrix, and the process is shown in Fig. 1. The 
material properties and the geometric parameters are 
chosen so as to achieve a subwavelength resonance 
behaviour within the range of frequencies that is of 
interest. Excitations on a plane wave are applied on 
the inlet boundary and a frequency-domain simulation 
on a given frequency band is carried out to observe 
resonance behavior, transmission loss behavior, and 
bandgap behavior. The acoustic response is analyzed 
concerning the pressure field distributions and 
frequency-dependent transmission loss that allow 
measuring the metamaterial performance 
quantitatively and compare it to FEM, BEM, and 
coupled FEMBEM methods. 

 

 
Fig. 1. Simulation setup of acoustic metamaterial unit cell 
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Illustration of the numerical model of the numerical 
set up with DH causing plane-wave excitation of a 
waveguide filled with a locally resonant acoustic 
metamaterial unit cell, with transmission measured at 
the outlet. 
 

4. RESULTS AND DISCUSSION 

4.1 Pressure Field Distribution 

The acoustic pressure field spatial distribution gives 
one valuable knowledge of the resonance mechanism 
of the proposed acoustic metamaterial. The contours 
of the steady-state pressure field are plotted in Fig. 2 
at different excitation frequencies. At off-resonant 
frequencies the pressure field is relatively 
homogenous, through the unit cell, and thus there is 
only weak interaction between the incident wave and 
the resonant cavities. Conversely, strong pressure 
localization effects are observed at resonant 
frequencies in the locally resonant cavities proving 
that subwavelength resonances modes have been 
excited. This localization contributes greatly to the 
extinction of the passage of waves in the 
metamaterial, thereby demonstrating the presence of 
local resonance in forming bandgaps. The local 
resonant acoustic metamaterials have also been shown 
to exhibit similar pressure confinement behavior in 
past numerical and experimental experiments on the 
same, and this confirms the physical consistency of the 
results obtained. 
 

 
Fig. 2.Pressure Field Distribution at Off-Resonant and 

Resonant Frequencies 

 
Distribution of the acoustic pressure field at steady-
state conditions of the off-resonant and resonant 
excitation frequencies, shows clearly that the acoustic 
pressure is highly concentrated in the resonant cavities 
at resonance time. 
 

4.2 Transmission Loss and Bandgap Analysis 

A wide range of frequencies is considered to 
determine the bandgap regions, as it is on this region 
of frequency space that the transmission loss 
properties of the acoustic metamaterial are 
determined. Fig. 3 shows the frequency dependent 
transmission loss spectrum which had been obtained 

through the numerical simulation. Strong attenuation 
maxima can be found in the certain frequency ranges, 
which are reflecting acoustic bandgaps created by the 
resonant cavities. In these bandgaps, the transmission 
loss values are more than 3040 dB; hence, a high level 
of sound attenuation is observed in spite of the fact 
that the structure is less than 1 mm in slimness. The 
Table 1 lists the value ranges of the bandgap 
frequencies and the maximum values of the 
transmission losses. The experimental bandgap 
response is in agreement with theory on locally 
resonant metamaterials, and compares well to other 
numerical results in the literature, which shows that 
the unit cell design works. 
 
Table 1. Identified acoustic bandgaps and transmission loss 

characteristics 

Bandgap Range (Hz) Peak Transmission Loss (dB) 

420–580 38.5 

760–910 34.2 

 

 
Fig. 3.Transmission Loss Spectrum and Acoustic Bandgaps 

 
Acoustic bandgap spectrum vs frequency, i.e. 
frequency-dependent transmission loss spectrum of 
the acoustic metamaterial, demonstrating formation 
of discrete acoustic bandgaps, with high attenuation. 
 

4.3 Comparison of FEM, BEM, and Coupled FEM–BEM 
Approaches 

The standalone approach with FEM, BEM, and coupled 
with FEM-BEM approach are compared in order to 
determine their performance. The transmission loss 
spectra measured with the three numerical methods 
are compared in Fig. 4. FEM can well represent the 
wave radiations of interior pressures of a structure and 
resonance effects; yet it needs to use large absorbing 
layers to simulate them, which adds to the cost of 
computation. BEM is effectively used to model the 
exterior wave propagation and radiation however it 
does not have the capability to solve the complex field 
distributions inside the metamaterial cavities. The 
FEMBEM approach types have been found to be very 
effective at integrating the benefits of the two 
techniques and yielding results that are practically 
identical to those of FEM predictions and radiation 
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modeling is maintained. This shows that the coupled 
framework is appropriate in the case of bounded-
unbounded acoustic interaction of metamaterials. 
 

 
Fig. 4.Comparison of Numerical Methods for Transmission 

Loss Prediction 

 

Analysis of the transmission loss spectrums calculated 
with FEM, BEM and coupled FEMBEM models and 
showing better accuracy of the coupled models to 
boundedunbounded acoustic problems. 
 

4.4 Computational Efficiency and Numerical 
Performance 

The effectiveness of the three numerical methods in 
terms of memory consumption and time of solution is 
computed. Table 2 shows a comparison of the 
computational performance of representative 
frequency point. The FEMBEM coupled framework 
consumes much less memory that the FEM with 
absorbing layers and is approximately as accurate. 
Also, the accuracy is enhanced by the fact that no 
artificial truncation boundaries exist. These findings 
indicate that the coupled method is scalable and 
realistic in the case of acoustic metamaterials on a 
large scale. 

 
Table 2. Computational performance comparison 

Method Degrees of Freedom Memory Usage (MB) Relative CPU Time 

FEM High 100 1.00 

BEM Moderate 65 0.78 

FEM–BEM Coupled Moderate 58 0.72 

 

Overall Discussion 

The mathematical findings are a clear indication that 
local resonance makes a major contribution to the 
generation of acoustic bandgaps in the metamaterial 
proposed structure. The coupled FEMBEM model offers 
the benefit of the accurate prediction of both the 
interior resonance and exterior wave radiation with a 
much less cost of computation. The method presented 
is more efficient, effective, and robust in comparison 
to FEM-only or BEM-only methods reported previously 
and is, therefore, especially effective in the design 
and optimization of advanced acoustic metamaterials. 
 

CONCLUSION AND FUTURE WORK 

This paper has provided an extensive numerical study 
of acoustic metamaterials with Finite Element Method 
(FEM) with and without Boundary Element Method 
(BEM) and a hybrid FEMBEM computational approach. 
Combining the model of the bounded metamaterial 
domain by FEM and BEM of the exterior unbounded 
acoustic field, the presented method enables to model 
the interior resonance only as well as the exterior 
wave radiations. The origins of the numerical findings 
included the intense pressure concentration in locally 
resonant cavities, the creation of exclusive acoustic 
bandgaps and the large transmission loss during 
resonant frequencies. Comparative study showed the 
coupled FEM-BEM model has a high level of accuracy 
and low cost of computation than single-formed FEM 
or BEM models especially in radiation dominated 

acoustic issues. The main contribution of the work is 
systematic design and quantitative analysis of a 
FEMBEM framework of acoustical metamaterial 
analysis. The findings give good understanding of how 
local resonance mechanism contributes to the 
attenuation of sound at subwavelength scales and sets 
up a sound computational framework of high-fidelity 
acoustic simulation. The further practices will be 
aimed at developing the proposed framework to 
include the viscothermal loss effects, elasticacoustic 
coupling, and complete three-dimensional 
metamaterial arrangements. Moreover, experimental 
validation and design studies that will be based on 
optimization will also be sought to establish the 
practical applicability of the methodology even 
further. The established numerical model forms a 
strong basis of the design and optimization of next 
generation acoustic metamaterials in the development 
of higher noise-control and wave-manipulation 
directions. 
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